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c oniput e Hank e 1 t ransforms us i ng c onvo 1 ut i on.

Robert J. Bisdorf

IHTRODUCTIOH

Digital filters used to e valuat e Hank el< JO,J1) t ransforms 

have been published by Rnderson C1975>. In his publication 

finderson presents Fortran IV programs that compute Hankel 

t r an s f o r rn s b y dire c t an d lagged c o n v o 1 u t i o n. I n s o m e ap p 1 i c at i o n s 

t he 1 at t er t ec hn i que c an resu1t in a cons i derab1e sav i ngs i n 

t i m e. T h e s e p r o g r am s re p r e s e n t s o me o f t h e fas t e s t m e t h o d s f o r 

computing Hank el transforms while giving an accuracy of 3 to 5 

digits. In general the Hank el transform of order n has the form

r"
) GH<G>Jn <BG)dG, 
Jo

where, for the purposes of this report, GH<G> is the kernel 

function, B is the transform argument, and J is the Bessel 

func t i on of t he f i rst k i nd.

< 1 > Citation of p ar t i c u 1 ar rn an u f ac t u r e r s a n d m o d e 1 n u m b e r s d o e s 

not constitute endorsement by the U.S. Geological Survey.
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R p p 1 i c at i o n s u s ing H an k e 1 t r an s f o r m s c an b e f o u n d i n m an y 

e 1 ec t r i c al and elect romagneti c prob1 ems. In DC res i st i vi t y 

t r an s f o r m s o f o r d e r 2 e r o ar e u s e d to c a 1 c u late t h e p o t e n t i -a 1 at a 

point due to a point source. By combining point potentials it is 

p o s s i b 1 e t o c o m p u t e m an y ar r ay s o f i n t e r e s t t o g e o p h y s i c i s t s, 

s p e c i f i c a 1 1 y, W e n n e r an d d i p o 1 e - d i p o 1 e ar r ay s. I n t h e s am e u e i n, 

H an ke1 t ran s f o r ms of or d e r on e c an be used to c o m p u t e the 

electric field at a po i nt due t o»a point sourc e. This c omput at i on 

has d i rec t app 1 i c at i on i n c omput i ng Sc h1umberger sound i ngs. In 

e 1 e c t r o m ag n e t i c s, Man k el t r an s f o r m s o f o r d e r s z e r- o an d o n e c an b e 

f o u n d i n t h e c o ni p u t at ion o f m u t u a 1 c o u p ling o v e r a t u o -1 ay e r e d 

eart h <Fr i sc hnec ht,19b7>.

T h e p u r p o s e o f t h i s r e p o r t i s t o p r e s e n t fl n d e r son's H an k e1 

t r an s f o r m r o u t i n e s c o n v e r ted to H P e n h an c e d B as i c for u s e o n a 

H e W1e 11 P ac k ar d 9 8 4 5 B c o m p u t e r. T h i s r e p o r t is me an t to be u s e d 

b y t h o s e f ami 1 i ar u i t h R n d e r s o n •' s H an k e 1 t r an s f o r m r o u t i n e s. I f 

the reader has not already done so, he should read the finderson 

publication. Limits on the application of convolution for 

c o m p u t i n g H an k e1 t r an s f o r m s an d specific criteria f o r k e r n e1 

functions is discussed. Examples of calling programs, kernel 

functions and test results are also given.

THE HflNKEL TRflNSFORM FUNCTIONS

T h e B as i c p r o g r am s f o r- f o u r H an k el t r an s f o r m f u n c t i o n s ar e 

given in R'ppendix fl. The names of the functions and a brief 

description of their purpose follows:



R h an k Q p e r f o r m s a H an k e 1 t r an s f o r m o f o r d e r 2 e r o u s i n g

d i rect convo1ut ion. 

R1 ag h Q p e r f o r rn s a H an k e 1 t r an s f o r m o f o r d e r z e r o u s i n g

1agged c onvo1ut ion. 

R h an k 1 p e r f o r m s a H an k e 1 t r an s f o r rn of order z e r o u s i n g

direct convolution.
%

R1 a g h 1 p e r f o r rn s a H a n k e 1 t r a n s f o r rn of o r d e r o n e u s i n g 

lagged convolution.

The 1agged-cenvoiution functions should be used to compute Hank el 

t r an s f o r rn s f o r v a 1 u e s o f t h e H an k e 1 t r an £ f o r. m ar g u rn e n t < B > t h at 

are equal 1 y s-pac ed 1 ogar i t hm i c al 1 y at t he f i 11 er spac i ng ( . 2 ) .

fl 11 the H a n k e 1 t r a n s f o r rn f u n c t i o n s h a v e the s a rn e para rn e t e r 

list. The parameters are described below:

X The natural logarithm <LDG<B>> of the transform

argument. For the 1agged-convolution transforms this 

p a r arn e t e r rn u s t dec r ease b y .2 i n t he log d o rn a i n.

Tol The relative error is about 100 times "Tol". Therefore

if a relative error of about .681 is desired then "Tol" 

-should be equal to .00801

L The number of fi1ter'weights used for the convolution. 

This value is returned to the calling program.

Hew For direct convolution (RhankO, Rhank1> "Hew" is set

unequal to one for the first call. With "Hew" unequal 

to one the filter weights are read into the common 

area. On subsequent calls "Hew" should be set equal to



on e. This will use t h e wei g h t s a1r e ad y i n the c o mm on 

area and save computer time by not re-reading the 

we i ght s. For 1 agged c onvo 1 ut i on < R1 aqh8, R1 agh 1 ) " Hew" 

should be set unequal to one for the first call with a 

given set of E values, using a single kernel function, 

figain, on subsequent calls with "Hew" equal to one the 

stored filter weights are used. In addition, on
*

subsequent calls only one additional kernel function

value will need to be calculated.
i

T h e s e f u n c t i o n s u s e a c o m m o n ar e a (design at e d b y C 0 M 

statements) to store the convolution filter weights and, in the 

c ase of t he 1agged-c onvo1ut i on func t i ons, k erne 1 func t i ons and 

o t h e r ar r ay s. F o r k e r n e 1 s r e q u i r i n g p ar am e t e r s o t h e r t h an t h e 

k e r n e 1 f u n c t i o n i n t e g r at i o n s p ac ing <. s u p p 1 i e- d b y t h e H an k e 1 

t r an s f o r m f u n c t i o n), ad d i t i o n a 1 p ar am e t e r s will h av e to be passed 

in common. This will require editing all the COM statements in an 

ap p r o p r i at e m an n e r < s e e ex am p 1 e s b e 1 o w). I f J @ an d J1 H an k e 1 

transforms are to be used in the same program or if a regular 

c onvo1ut i on func t i on i s t o be used with a 1agged-c onvo1ut i on 

f u n c t i o n, as in t h e e x ampies b e1o w, the C 0 M s t at e m e n t s w ill h av e 

to be edited.

In all the- Hank el transform functions the user is required 

to supply the coded kernel function. For J@ and Jl transforms the 

f u n c t i o n m u s t be n am e d K e r n16 an d K e r n11 r e s p e c t i v e1y. The n am e 

convention can be changed by editing the appropriate lines in the 

Hank el transform functions, fls stated in finder-son <1975 page 16), 

the kernel function must monotonical1y decrease as the argument 

increases, and it can have no singularities in the range of



i n t e g r at ion. In t h e e x am p 1 e s b e 1 o w t h e k e r n el f u n c t i o n s are coded 

to calculate the kernels for two integrals in one kernel 

function. This technique can be expanded to any number of 

kernels.

EXflHFLES

Tests were run comparing convolution derived Hank el 

transform values to known solutions for these integrals. The 

foilo w i ng t w o i n t e g r a 1 s an d their analy t i c s o1u t i o n s w e r e u s e d t o 

t e s t t h e H art k e 1 t r an s f o r m f u n c t ions o f o r d e r zero:

'*°a*.
*** J£Kbx>dx=l/<a'

'* 2

Oti £ .

xe"A * J0 < bx>dx=exp<-b /4a>--'2a. (3>

The following Basic test program and kernel function will 

c a1c ulate t h e c o n v o1ve d H an k e1 t r ans f o r m < R h an k 9 >, t h e 1ag g e d 

c onvo1ut ion < R1agh8 >, and t he analyt i c solution for equat i ons < 2 > 

and C3>. The output of this program is given in flppendix B.



10 OPTION ERSE 1
20 ! THE FOLLOWING COM STflTEMENT WILL EE DIFFERENT FOR
36 ! DIFFERENT RPPLICflTIONS
31 ! Bum is the array of filter weights
32 ! Duml is the array of kernel function evaluations
33 ! Dum2 i s an arr ay used t o d•=•1 er rn i ne where i n Duni 1 we shou 1 d be
34 ! D1 & D 2 a r e p a r a m e t e r s u s e d b y R1 a g h 9
35 ! R & F are parameters used by Kern 10
40 COM Bum < 1 93) , Bum 1 < 193 >, Dum2 < 193 > , D 1, D2, R, F
50 HIM Rl<6>
60 DRTR .1,.5, 1,5,10,58
70 MRT REfiD fll
80 PRINTER IS 0
90 Tol=lE-7
100 N=ll

110 F=l
12 O C o n t: X m a x = L 0 G C 4 >
130 PRINT USING L;F+1
140 L: IMRGE /,30X,"EQURTI ON ",DD
150 PRINT USING LI
160 Li: IMRGE /, 8X,"R",12X,"E",12X,"EXRCT RHRNK0 RLRGH0

	LI L2",/
170 FOR J=l TO 6
180 R = R1CJ>
190 New=0
200 FOR I=N TO 1 STEP -1
201 ! ca1c u1 at e t h e log o f t h e t r an s f o r m ar g u m e n t d e c re as i n g b y .2
210 El=Xmax-.2*<N-I>
220 E = EXP-'.B1>
230 finl=FNRnsa:>
231 !
2 3 2 ! R h an k 0 and R1 ag h 0 c an b e f o u n d i n R p p e n d i x fl
233 !
240 R n 2 = F N R h an k 0 •:! E1 , T o 1 , N1, N e w >
250 fir,3=FNR 1 agh0 (E1 , To 1 , N2, New >
260 New=l
270 PR I NT US ING L2; R; E; fin 1; Rr,2; Rn3; N1; N2
280 L2: IMRGE 1X,M.7DE,1X,M.7BE,1X,M.7BE,1X,M.7DE,1X,M.7DE,1X,3D,1X,3D
290 NEXT I
300 NEXT J
310 IF F=2 THEN 1540
311 !
312 ! Do next integral
320 F=2
330 GOTO Cent
340 PRINTER IS 16
350 STOP
351 !
3 5 2 ! K e r n 10 is t h e c o d e d k e r n e 1 f u n c t i o n
353 !
360 DEF FNKernlSOO
370 OPTION ERSE 1
3 8 0 C 0 M D u m < 19 3 ) , D u m 1 <-. 19 3 >, D u m 2 < 19 3 > , H1 , D 2, fl, F
381 !
382 ! IF F-l compute the first kernel
383 ! F=2 compute the second kernel
384 !
390 ON F GOTO L1,L2
400 Li: C=X*EXP<~R*X*X>
410 RETURN C



426 L2: C = EXPOR*X> 
438 RETURN C 
446 FNEND
441 !
442 ! fins computes the analytical solution to equations 2
443 !
458 DEF FNRns<E>
460 OPTION ERSE 1
476 COM Did 93 > , D2 < 193 > , D3 < 1 93 > , D4 , D5, R , F
489 ON F GOTO L1,L2
490 Ll: fin = EXP<-B*B/(4*fi
500 RETURN Rn
516 L2: An=l.-'SQR<fi*R + E*B>
520 RETURN Rn
530 FNEND

T h e f o 1 1 o w ing i n t e g r a 1 s. an d t h e i r an a 1 y t i c s o 1 u t i o n s w e r e 

u s e d t o t e s t t h e H an k e 1 t r an s f o r rn s o f o r d e r o n e:

Jx e~a X J1 <b x > d x = b -•' < a1 + b2 /* , < 4 >

T h e f o 1 1 o u ing E a s i c test p r o g r a rn a n d k e r n e 1 f u n c t i o n w i 1 1 

c a 1 c u 1 at e t h e c o n u o 1 M e d H an k e 1 t r an s f o r rn C R h an k 1 > , the 1 ag g e d 

c on'...'o 1 ut i on (R1 agh 1 > , and t he anal y t i c so 1 ut i on for equat i ons 4 

and 5. The output of this program is given in Appendix C.

10 OPTION ERSE 1
11 ! THE FOLLOWING COM STATEMENT WILL EE DIFFERENT FOR
12 ! DIFFERENT RPPLICRTIONS
13 ! Durn is the array of filter weights
14 ! Durnl is the array of kernel function evaluations
15 ! Dum2 is an array that tells use where in Duml we are
16 ! Dl & D2 are parameters used by Rlaghi
17 ! fl & F are parameters used by Kernl 1
20 COM Dum •'. 236 >, Bum 1 •-. 236 > , Durn2 (236 > , B1 , D2, R, F
30 DIM Rl(6>
40 DRTR .1,.5, 1,5,10,59



58 MflT PERU Rl
66 PRINTER IS 0
70 Tol=lE-7
86 N=ll
9Q F=l
10 0 C o n t: X m ax = L 0 G < 4 >
101 PRINT USING LJF
102 L: IMRGE /,30X,"EQUflTION ",DD
110 PRINT USING LI
1 20 L 1 : IMflGE /, 8X, " R " ,1 2X,"B",12X,"EXRCT RHfiNK1 RLRGH1

LI L2",/
130 FOR J=l TO 6 
140 R=R1(J) 
150 Ne i,.i = 0
160 FOR I=N TO 1 STEP -1 
161!
162 ! calculate the log of the transform argument decreasing by .2
163 !
170 Bl=Xmax-.2*<N-I>
180 B=EXP<B1>
190 Rnl=FNRnsa:>
191 !
192 ! Rhankl & Rlaghi can be found in Rppendix R
193 !
200 Rn2 = FNRhank1 < B1,To 1,N1,New >
210 Rn3 = FNR1agh K B1,To 1,N2,New >
220 New-1
230 PR I NT US ING L2;R;B;fin 1;Rn2;Rn3;N1;N2
240 L2: I URGE 1X,M.7DE,1X,M.7DE, 1X,M. 7DE, 1X,M.7DE,1X,N.7DE, 1X,3D,1X,3D
250 NEXT I
266 NEXT J
270 IF F=2 THEN 300
271 !
272 ! Do next integral
280 F = 2
290 GOTO Cont
308 PRINTER IS 16
310 STOP
311 !
312 ! Kernl1 is the coded kernel function
313 !
320 DEF FNKernl1<X)
330 OPTION BRSE 1
340 C0M Dum<236),Dum1<23 6 >,Dum2<236),Dl,D2,fl,F
350 ON F GOTO L1,L2
360 Ll: C=X*EXPC-R*X>
370 RETURN C ^
380 L2: C=X*X*EXP<-fl*X*X)
390 RETURN C
400 FHEHD
401 !
402 ! fins calculates the analytical solutions for equations 4 & 5
403 1
410 DEF FNflnsa:)
420 OPTION BRSE 1
430 COM DK236),D2<236),D3<236),D4,D5,fl,F
440 ON F GOTO L1,L2
450 Ll: Rn = B/'::fi*R + B*B>M.5
460 RETURN fin
470 L2: fln = B*EXP<-B*B/<4*fl»x<2*fl) A 2



486 RETURN fin 
496 FHEND

TEST RESULTS

Rppendix E and C give tabular listings- of the output of the 

t e s t p r o g r" am s < 1 i s t e d ab o v e >. T h e h e ad i n g s ar e d e s c r i b e d be! o w:

fi R p a r a m e t e r u s e d i n t h e k e r n e 1 f u n c t i o n.

B The t r a n s f o r rn a r" g u ni e n t.

EXRCT The value of the analytic solution of the indicated integral

R h an k 6 < 1 '> The H an k e 1 t r an s f o r-- m u a 1 u e u ••• i n g R h an k 8 •; i >.

R1 ag f-! G (. 1 > T h e H an k e 1 t r a n s f o r ni v a 1 u e u sing R1 ag h 8 < 1 >

LI T h e n u mber o f f i11 er wei g h t s u s ed by Rh an k 6(i>

L 2 T h e n u rn b e r of f i 11 e r w e i g h t s u s e d b y R1 ag h 8 < 1 >

In all the test cases "Tol" was .8800081 and "B" was 

decreased by .2 in the log domain.

In some instances, such as when "fl" is .1 and "B" is 2.718 

t h e c o n M o 1 v e d H an k e 1 t r-- an s f o r ru s m ay c h an g e sign., T h e s e values ar e 

still small and are considered to be correct (See flnderson, 1975, 

p. 2 2 > . R o w s m ar k e d w i t h an as t e r i s k ar e t e s t r e s u 11 s t h at c an b e 

found in Rnderson <1975) Rppendix 2.



SUMMflRV

The Man k e 1 t r an s f o r rn f u n c t i o n s, g i y e n as Basic p r o g r am s, 

s t ore f i 11 e r u eights b y m e an s o f C 0 M state m e n t s. T h e C 0 M 

s t at e m e n t s ar e a 1 s o L4 s e d t o p as s p ar am e t e r s, o t h e r t h an t h e 

t r an s f o t- m ar g u in e n t, t o t h e k e r n e 1 f u n c t i o n. T h e s e s t at e rn e n t s 

r e q u i r e e d i t i n g f o r u s e r ap p 1 i c at i o n s i n v o 1 v i n g n o n t r i v i a 1 k e r n e 1 

f u n c t i o n s . T h e k e r n e 1 f u n c t i o n rn u s t b e code d b y t h e u s e r and m u s t 

be named Kern 18 for zero order transforms and Kern 11 for 

t r an s f o r m s o f o r d e r o n e. For lagged t r an s f o r m s t h e t r an s f o r rn 

a r g u rn e n t rn u s t d e c r e as e b y .2 i n t h e log d o m a i n.
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RPPENIHX fl

RHRNK0

10

20
30
40
50
60
70
80
90
100

110

120
13 0
140
150
160
170
180
190
200

210
220
230
2 4 0
256
260
270
280
290
300

310
320
330
340
350
360
370
380
390
400

410
420
430
440
450
460
470
480
490
500

510
520

DEF FNRhank0<X,Tol,L,New> 
i
! HfiHKEL TRflHSFORM OF ORDER ZERO USING 
! CONVOULUTIOH. CODED BY ROBERT J. BISDORF 
! FROM GRIGINflL PROGRRM NRITTEH IN FORTRRN BY 

U FILTER RHDERSON.

OPTION BflSE 
CON Wt<193>

1

DflTf-i 
DflTfl 
DflTfl 
DflTfl 
DftTfl 
DflTfl 
DflTfl 
DflTft 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DfiTfl 
DflTfl 
DflTfl 
DfiTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl 
DflTfl

5.8565723E-03,7. 1 143477E-11,-
8790055E-11,-9
2543400E-10,-!
61.53229E-10,-!
1319755E-10,-!
9243813E-10,-!
2417082E-10,

-8.9946096E-11,6.6188220E-19,-6.6964033E-12, 
1.3222770E-10,1.1219600E-09,3.5591442E-16,1.

-1
-1
-1
-1
-1

90078 HE-11, 9 
0893474E-10,1 
3106341E-10,1 
53 1538 IE-16,2 
6850378E-10,2 
6043759E-10,4

3395565E-11,£ 
.8675347E-11, 
.1979399E-10,1 
.4238602E-10,1 
.6238115E-10,2 
.6909302E-10,3 

1.3690001E-10,5.2458440E-10 
' 8.527615 IE-10

.7489547E-11 
1.11 18797E-10 
4200767E-10 
3436236E-10 
4824144E-10 
4934366E-10

1

0795332E-10,2 
0904225E-09,4 
2930786E-09,8 
2577400E-08,1 
3983953E-08 3 3 
5740136E-08,3 
478446 IE-07, 1 
3094739E-07,4 
3891802E-07,9 
6474556E-06,2 
6701680E-06,4 
1726989E-06,9 
8194338E-05,2, 
0499452E-05,4, 
0141902E-05,1, 
0062570E-04,2, 
465142 IE-04, 5, 
9374786E-04,1, 
2115938E-03,2, 
9214244E-03,6, 
0946310E-02,1,

0600379E-09,1 
0409101E-09,3 
3164333E-09,8 
7666303E-03,1 
826885 IE-08, 4 
3864288E-08,9 
8501974E-07,2 
0974828E-67,4 
0939667E-07,1 
0207696E-06,2 
493410 IE-06,5 
995420 IE-06, 1 
2239184E-05,2 
9486730E-05,6 
1012552E-04,1 
4507680E-04, 2 
4541300E-04,6 
2138120E-03,1 
7012675E-03,3 
0106703E-03,7 
3365017E-02,1 

4239325E-02,2.9612896E-02,3 
446509 IE-02, 7 
281 1.102E-01, 1 
4170064E-01

3264829E-02,6
1000121E~01,1

6049224E-01,1

2535947E-09,2 
3642886E-09,5 
2021809E-09,1 
9143895E-08,2 
3712685E-08,5 
8662323E-08,1 
2129193E-07,2 
9462368E-07,6 
1034727E-06,1- 
4591294E-06,3 
4770076E-06,6 
2194425E-05,1 
7145562E-05,3, 
0421440E-05,7, 
3443017E-04,1, 
9930366E-04,3, 
6612648E-04,8, 
4824945E-03,1, 
2991969E-03,4, 
3405529E-03,8, 
6314985E-02,1, 
6070402E-02,4, 
7664144E-02,9, 
4543025E-S1,1,

3.8733103E-02,-1

5061956E-09
3646623E-09
7687700E-09
2083635E-03
595301 IE-08
6599075E-08
2448S1IE-07
7527203E-07
1030809E-07
3554600E-06
0131400E-06
7015208E-06
490910 IE-05
3174088E-05
382200 IE-05 .
6428337E-04
6560582E-04
1365181E-04
8107b57E-03
0295817E-03
9643708E-03
9910907E-02
3876936E-02
2918324E-02
5832248E-01
.1330934E-02

1.5331864E-01,-2.9094670E-01,
900960 IE-01, 1. 
5134953E-02,-! 
530957 IE-02,-1 
6729062E-03,-1 
6749320E-04,-2 
3212947E-05,-3

2.9084655E-01,-2.9708834E- 
1358139E-01,1.5317216E-01

•02
'999785E-01,-4 
0751806E-01,7 
3904823E-02,7 
60737 18E-03,9 
2635296E-04,1 
286783SE-05,2.0304203E-05,-1

3429567E-02,-4 
8137120E-03,-4 
7715622E-04,-5 
3960805E-04,-8

6019124E-02 
5190369E-03 
9804407E-S4 
6172618E-05 
2543926E-05

7499633E-06,-4.7832430E-06,2.9584103E-06,- 1.8278645E-06 
1293571E-06,-6.9778174E-07,4.3113019E-07,-2.6637753E-07

12



530 DflTfl 1.6458373E-07,-1.0163954E-07,6.2829807E-08,-3.8819969E-08
540 DflTfl 2.3985272E-08,-1.4819520E-08,9.1563774E-09,-5.657354 IE-09
550 DflTfl 3.4954514E-09,-2.15979G5E-09,1.3343946E-09,-8.2447148E-10
560 DflTfl 5.0941033E-10,-3.147463 IE-10, 1.9447072E-10,-1.2015685E-10
570 DflTfl 7.4241055E-11,-4.5371468E-11,2.3343095E-11,-1.7513137E-11
580 DflTfl 6.9049613E-12
590 IF New=l THEN 610
600 hflT REflD Nt.
610 E=1.22140275316
620 Er=.81873075308
630 fl=EXP<-X-26.304557)
640 Cruax=0
650 L=18
660 V1=fl*1.31201480803E11
670 Y = Y1
680 FOR 1=129 TO 146
690 Y = Y*E
700 GOSUB fll
710 R1=R1+C
720 Criiax = MflX'::fiBS<:C> , Crnax)
730 NEXT I
740 IF Crf.ax = 0 THEN L60
7 5 0 C m a x = T o 1 * C m a x
760 FOR 1=147 TO 193
770 Y = Y*E
780 GOSUB fll
790 R1=R1+C
800 L=L+1
810 IF flBSXOOCrnax THEN L30
820 NEXT I
830 L30: Y=Y1*E
840 FOR J=l TO 128
850 Y=Y*Er
.860 I = 129-J
870 GOSUB fll
880 R1=R1+C
890 L-L+1
90© IF flBS<CX=Cmax THEN Return
910 NEXT J
920 GOTO Return
930 L60: Y=fl
940 FOR 1=1 TO 128
950 Y=Y*E
960 GOSUB fll
970 R1=R1+C
980 L=L+1
990 IF C=0 THEN L80
1000 NEXT I
1010 L80: Y=fl*7.08966799402E16
1020 FOR J=l TO 47
1030 Y=Y*Er
1040 I = 194-,T
1050 GOSUB fll

13



RLAGH0

10

20 
30 
48 
58
68
70
80
90
100
110

126
138
146
156
168
176
186
198
268
216
228
230
248
256
266
278
288
298
308
316
328
338
348
358
368
378
366
398
486
418
426
436
446
458
468
478
488
498
508
516
528
530
548
556

DEF FNRlagh8(M,To1,L,New>

! HANKEL TRANSFORM OF ORDER ZERO USING 
1 LAGGED CONVOULUTION. CODED BY ROBERT J. BISDORF 
! FROM ORIGINAL PROGRAM WRITTEN IN FORTRAN BY
! WALTER ANDERSON.
i
OPTI
COM
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA

ON
Wt (
5.
-8
-1
-1
-1
-1
_ 4

-8
1.
7.
2.
5.
1.
2.
6.
1.
3.
7.
1.
3.
8.
1.
4.
9.
2.
4.
9.
2.
4.
1.
2.
5.
1.
1.
-1
3.
6.
2.
2.
3.
5.
/ «
1.

BASE 1
193),Save(19
8565723E-88,
.988781 IE-11
.8893474E-18
.3166341E-10
.5315381E-18
.6358378E-16
.6843759E-16
.9946896E-11
3222776E-18,
6795382E-16,
B984225E-89,
2938786E-89,
2577488E-8S,
8983953E-83,
5748136E-88,
4784461E-67,
3694739E-87,
3391382E-07,
6474556E-06,
6761688E-86,
1726989E-86,
8194388E-85,
8499452E-65,
6141982E-85,
0862578E-84,
4651421E-84,
9374786E-64,
2115938E-83,
9214244E-83,
6946318E-82,
4239325E-82,
3264629E-82J,
1888121E-61,
6649224E-81,
.5331364E-81
9889681E-61,
5184953E-82,
5369571E-82,
6729862E-83,
6749328E-64,
3212947E-85,
7499633E-86i
1293571E-86,

7
,
,
,
,
,
,
,
1
2
4
8
1
3
8
1
4
9
2
4
9
2
4
1
2
5
1
2
6
1
2
6
1
1

)
.
9
1
4

2
2
4
6
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
a

.

.

.

.

.

,Key<193),X8
1143477E-11,
.8798855E-11
.2543488E-16
.6153229E-18
.1319755E-18
.9243813E-18
.2417882E-18
.6188226E-18
1219688E-89,
6608379E-89,
8469101E-69,
3164338E-89,
7666383E-88)
8268S51E-68,
38642S8E-88,
8581974E-87,
8974828E-87,
8939667E-07,
8287696E-86,
4934181E-86,
9954281E-86,
2239184E-85,
94S6736E-85,
1612552E-84,
45076S8E-84,
4541388E-84,
2138128E-83,
7812675E-83^
8106768E-63,
3365817E-82,
9612896E-82,
4465891E-82^
2811182E-61,
4178864E-81J,

, L
-7
, -
, -

ag
.8395565E-11
9.8675347E-1
1.1979399E-1

,3
1,
0,

,-1.4238662E-18,
, -
, -
, -
, -
3.
1.
3.
8.
1.
4.
9.
2.
4.
1.
2.
5.
1.
2 .
6.
1.
2.
6.
1.
3.•?

1.
3.
7.
1.
8.

,-2.9894673E-81,
i
-
-
-
-
-
-

.
1
1
1
2
3
4

-6
1.645S373E-67,-
2.
3.
3985272E-8S,
4954514E-89,

-
-

1
1
2

7999785E-81,
.0751886E-01
.3984823E-82
.6873718E-83
.2635296E-84
.2S67888E-85
.7882438E-86
.9773174E-07
.816S954E-87
.4819526E-03
.1597065E-09

-4
% 7
,7
,9
,1
; 2
% 2
,4
, 6
, 9
il

1. 62381 15E-1
1.6989382E-1
1.3698881E-1
6.6964833E-1
5591442E-18,
2535947E-09,
3642886E-09,
2821889E-69,
9143895E-88,
3712635E-68,
S662323E-68,
2129198E-67,
9462S68E-87,
1834727E-86,
4591294E-86^
4778876E-66,
2194425E-85,
7145562E-85,
8421448E-85,
3448817E-84,
9938366E-04,
6612648E-84,
4324945E-83,
2991969E-63i
3485529E-83^
6314985E-82,
6878462E-82,
7664144E-62,
4543825E-81,
878S188E-82,

8,
8,
0,
2,
1.
2.
5.
1.
2.
5.
1.
2.
6.
1.
3.
6.
1.
3.
7.
1.
3.
8.
1.
4.
8.
1.
4.
9.
1.
_ 4

.

1

1

1
2
3
5
8
5
8
7
2
5
6
2
7
1
3
8
7
4
^7'

3
6
6
1
3
8
9
9
3
2
5
.

7
.
.
.
.
.
.
.
6
6
6
8
9
j
4
5
8
5
1
8
9
1
8
4
5
3
1
2
6
9
8
9
8
1

-2.9684655E-81,-
.1858139E-81
.8429567E-82
.8187128E-G3
.7715622E-84
.3968S85E-64
.0384283E-85
.358416SE-86
.3113819E-87
.2829887E-88
.1563774E-89
.3343946E-69

,1

; "*

* "

, -

, -

, -

, -

, -

, -

, -

, -

.
4
4
5
3
1
1
2
3
5
8

5
.
.
.
.
.
.
.
.
.
.

489547E-11
1118797E-18
4280767E-10
3486236E-10
4824144E-16
4934366E-18
2453448E-16
5276151E-18

5661956E-89
8646623E-89 
687786E-69

2683635E-88
595361 IE-88
6598675E-88 
44881 IE-67 

263E-87
1638889E-87 
54688E-86

8131486E-86 
815288E-86

4989181E-65
317486SE-65
3822861E-65
6428337E-84
6568582E-84
1365181E-84
3187657E-63
8295817E-83
9643768E-63
9916907E-62 

76936E-62
291S324E-02
5832248E-61
1336934E-82 

l,-2.9768334E-82 
5317216E-61 
6819124E-82 
5198369E-83 
9884467E-84 
6172618E-85 
2543926E-65 
8278645E-66 
6637753E-67 
8819969E-88 

-5.6573541E-69
8.2447148E-18

14
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1160 FNEND

RHflHKl

10

20
30
40
50
60
70
80
90
100

110

120 
130 
140 
150 
160 
170 
180 
19U
200

210
220
230
240
250
260
270
280
290
380
310
320
330
340
350
360
370
380
390
400

410
420
430
440
450
460
470
480
490
508
510
520
530
540

DEF 
i

FNRhar.kl<X,Tol ,L,New)

HRNKEL TRRNSFORM OF ORDER ONE USING 
CONVOLUTION. CODED BY ROBERT J. BISDORF

i

PROM ORIGINRL PROGRAM 
BY WflLTER RNDERSQN.

1

WRITTEN IN FORTRRN

OPTION BRSE 
COH Wt<236) 
£=1.22140275316
Er=. 81873075307 
DRTfl -8 . 8863805E- 1 0 ,
DRTfl
DflTR 
DflTfl
DRTR
DRTR
DRTR
DflTfl
DRTR
DRTR
DRTfl
DRTR
DRTR
DRTR
DRTR
DRTR
DRTR
DRTfi
DRTfl
DflTH
DflTR
DRTR
DflTfl
DflTR
DflTR
DRTR
DflTR
DflTfl
DflTfl
DflTR
DRTR
DRTfl
DRTR
DRTR
DRTfl
DflTR
DflTfl
DRTR
DRTR
DRTR
DRTR
DflTfl
DflTfl

-

_
-

1
1 
1
1

-2
-4
-
-
-
-
-
-
-
-
-
--
7
5
3
1
8
2
-
-
7
3
2
1
7
4
2
1
9
5
O

1
1
6
4
2
1
8

9
2
6
1
'J

8
2
4
c>

3
.
.
.
.
.
.•-i

4
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

. 3223909E-09,

.4427475E-09, 

. 4735606E-09,

.5102619E-09,

.0412753E-09,

.0940172E-09,

.75 1470 IE-09,

.4126297E-08,

. 0051 116E-03,

.4918997E-07,

. 6815394E-U7,

. 95028 18E-07,

. 1069393E-06,

. 6059955E-06,

. 2010619E-06,

.9915035E-06,
2023760E-05, 3
8623480E-04, 1
4640868E-03, 6
8201316E-02,3
4285526E-02, 1
3636305E-01 , 2
. 4376222E-01 ,
.6748595E-01,
9740630E-02, -
8651953E-02,-
1259541E-02,-
2402225E-U2, -
3506490E-03,-
3752213E-03, -
6071877E-03, -
5540998E-03,-
2644973E-04,-
5229955E-04,-
2925334E-04,-
9628455E-04,-
1701502E-04,-
975S436E-05,-
1536435E-05,-
4791718E-05,-
4779573E-U5,-
8108499E-06, -

1
1
1 
1
1
2
c-

1
3
7
1
4
1
3
9
2
9
.
.
.
.
.
.
-
1
6
3
1
1
6
3
2
1
o

4
2
1
1
6
3
2
1
T1

%

. 129381 IE-09

.3642393E-09

.4580582E-09 

.4719870E-09

.5667752E-99

.3595230E-09

.0571015E-09

. 2 2 6 7 6 3 9 E - 0 8

. 0576 3 29 E- 08

.6787475E-08

.9392737E-U7

.9413800E-07

.2794292E-06

.4103188E-06

.5561672E-D6

. 89452 17E-05

.7273612E-05
6620099E-84,
5226779E-03,
7790882E-03,
0866143E-62,
2773175E-01 ,
489505 IE-01 ,
2.9042175E-0
.5280945E-01
.6934498E-02
.2935834E-02
.8526278E-02
.0873526E-02
.455ri36E-03
.8438703E-03
.2908274E-03
. 3655666E-03
. 1406593E-04
.3530352E-04
. 8931382E-04
.7247455E-U4
.0282066E-04
. 1296474E-05
.6541340E-05
. 1784390E-05
. 2986765E-05
.7420630E-06

,
f

5

5

,

J

j

J

5

4

J

1

J

J

J

2
1
8
4
1
1
1
,
,
,
,
5

J

J

J

j

J

J

j

n

J

J

J
1

J

,

_

-

I

-
-
-
-
-
-
-
-
-
-
-
-
1
.'

.

.

1
1
1
1
1
2
6
1
3
9
2
5
1
3
6
8
.
2
4
0

.2050872E-09

. 3969439E-09

. 4682563E-99 

.472709 IE-09

.6634522E-09

. 7861077E-09

. 2604109E-09

.5312339E-08

. 3060204E-08

.4700993E-08

. 3464786E-07

.7554168E-07

.3811469E-06

. 1584463E-06

.4142355E-06

.6343466E-06
5220520E-05,
062958E-04 J 7
538718E-03,3
328420E-03, 1

5

,

S

j

J

J

,

J

J

5

,

,

j

,

J

1

.

.

.

1

1

1

1

J

7
1
4
1
3
~?

2
5
1
5

3
1
4

.0106549E-02,6.4'

.

.
,
3
5
2
1
9
5
3
2
1
\
4
2
1
9
5
•;'

1
1
6

6
2
1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

020907E-01 , 2
586300E-01 , -
. 1564736E-01
3348541E-02,
5150465E-02,
8303994E-02,
6182037E-02,
53920 16E-03,
6696335E-03,
3772023E-03,
0128794E-03!,
1999089E-03,
1531559E-U4,
2643446E-04,
5421910E-04,
5155278E-04,
0343135E-05,
3860978E-05,
2109174E-05,
9141864E-05,
1411426E-05,
8029235E-06,

.
cr

J
-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

1'

.
4
8
4
2
1
8
4
•-<

1
1
6
3
2
1
7
4
2
1
1
5

1.2696232E-09 
422594 IE-09 
4732179E-09 
4828225E-09 
8172900E-09 
3592871E-09 
826946 IE-09 
9339924E-08 
8423732E-08 
2192844E-07 
0911127E-97 
9301529E-07 
0789668E-06 
6639045E-06 
6440205E-05

,5.2317398E-05
1.8614373E-04

4539E-04 
1930365E-03

.4484339E-02 
872E-02 

1948043E-01 
1060445E-02

,4.925323 IE-01 
2485252E-02 
5868721E-02 
4475127E-02 
415810 IE-02 
3723743E-03 
9803353E-03 
9672872E-03 
7S86706E-03 
0543497E-03 
2854459E-04 
7470650E-04 
2338147E-04 
3316889E-04 
9388568E-05 
732743SE-05 
8214208E-05 
6319888E-05 
0027182E-05 

5.9777053E-06



550
560
570
580
590
600

610
620
630
640
6 5 0
660
670
680
690
760
710
720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
870
880
890
900
910
928
930
940
950
960
970
980
990
1000

1010

1020

1030

1040

1Q50
1060

1070

1080

1090

1100

1110

1120
1130
1148

DRTR
DflTfl
DRTR
DRTR
DRTR
DRTR
DRTR
DflTfl
DRTR
DRTR
DRTR
DRTR
DRTR
DRTR
DflTfl
DRTR
IF N
MfiT

5
3
1
1
£•
2

2
1
3
4
2' 1

9
4
2
f

e w

.2525892E-06,

. 131333

.866734

. 112822

5E-06,
2E-06,
0E-06,

. 6335060E-07,

.953733

. 356183

. 403896

.361318

4E-07,
IE-07,
SE-07,
4E-08,

.9740428E-08,

.947283 6E-08,

.7223359E-08,

.672373

. 983240

.221731

.230088
=1 THEN

9E-09,
5E-09,
IE -09,
5E-10,
739

-4.
— '"•
-1.
-9.
-5.
-3.
-2 .
— 1
— i' .
-4.
— ii .
-1.

-8..
-4.
-1.
-4.

6154325E-06,
75 1491 IE-
6402 859E-
7781908E-
8286
4738
0701

2333
3443

86 ,
06,
07,

113E-07,
689E-
397E-
746E-
411E-

3665572E-
5819
4987
2794
1443
7504

439E-
869E-
392E-
813E-
755E-

8860666E-

07,
07,
07,
08,
08,
08,
08,
09,
09,
09,
10,

4.
2.
1.
8 .
5.•~i

1 .
1.
6 .
•_' .
2 .
1.
7.
3.
1.
3.

0555653E-06,
4177236E-06,
44 1305 IE-06,
5919028E-07,
1213353E-07,
0522189E-07,
8138012E-07,
0835294E-U7,
4505118E-08,
8321109E-08,
2594957E-08,
3003472E-03,
0438407E-09,
4088114E-09,
34852G7E-09,
0121413E-10,

-3.
-2 .
-1 .
— r' >

-4.
-2.
_ 4

-9.
-5.
-3.
-1.
-1.
-5.
— if
_ 4

-9.

5636118E-06
1244417E-06
2664597E-06
5494920E-07
499843 IE-07
6817250E-07
5979545E-07
5185048E-08
.6648167E-08
3616717E-08
9745353E-U8
1240053E-03
9 5 0 9 6 7 6 E - 0 9
7712762E-09
00809 37E- 09
1649798E-11

RERD Wt
R = EXP(
Rl=0

-X-17>

L=13
Y1=R*2.41549527535E7
Y = Y1
FOR 1=86 TO 98
Y = Y*E
GOSUE Rl
R1=R1+C
C m ax = t-1 R X (RES < C >, C rn ax >
NEXT I
IF Cmax=0 THEN L60
C rn a x = T o 1 * C m a x
FOR 1=99 TO 236
Y = Y*E
GOSUE Rl
R1=R1+C

IF RES(C><=Cniax THEN L3Q 
NEXT I 

L30: Y=Y1*E
FOR 1=85 TO 1 STEP -1
Y=Y*Er
GOSUE Rl
R1=R1+C

THEN ReturnIF REStOOCmax 
NEXT I 
GOTO Return 

L60: Y=fl 
FOR 1=1 TO 85 
Y = Y*E 
GOSUE Rl

IF C=0 THEN L80 
NEXT I

ISO: Y=R*3.85036631595E20 
FOR 1=236 TO 99 STEP -1 
Y=Y*Er 
GOSUE Rl

17



1150 R1=R1+C
1160 L=L+1
1170 IF C=0 THEN Return
1180 NEXT I
1190 Return: RETURN Rl/EXPOO
1200 fl 1: C = FNKern11<Y>*Wt<I)
1210 RETURN
1220 FHEND

RLRGH1

10
20
36
46
50
66
70
80
90
100

110

120
130
140
150
160
170
180
190
200

210
220
230
240
250
260
270
280
290
300

310
320
330
340
350
360
370
380
390
400

410
420
430
440
450
460
470

D E F F N R1 ag h 1 < X, T o 1 , L, N e w )

HflNKEL TRRNSFORM OF 
LRG COHVOULUTIOH. 
FROM ORIGINRL PROGR 
WRITER HNDERSON.

ORDER ONE USING 
CODED B 1/ ROBERT J. BISDORF 
RM WRITTEN IN FORTRRN BY

OPT I ON BRSE 1
COM Wt<236),Save<236)
DRTR 
DRTR 
DRTR 
DRTR 
DRTR 
DflTR 
LRTR 
DflTR 
DRTR 
DflTR 
DflTfl 
DRTfl 
DRTR 
DflTfl 
DflTfl 
DflTR 
DflTR 
DflTfl 
DRTR 
DflTfl 
DflTfl 
DRTR 
DRTR 
DRTR 
DRTR 
DRTR 
DflTfl 
DflTR 
DRTfl 
DflTR 
DflTR 
DRTR 
DRTfl 
DRTR 
DRTR 
DflTfl 
DRTR 
DRTR

-8.8863805E-10,1
-1.3223909E-09,1
_ 4

~ 1 

-1

4427475E-09,1 
4735606E-09,1 
5102619E-09,1

-2.0412753E-09,2
-4.0940172E-U9,5
-9.751470 IE-09, 1
-2.4126297E-08,3
-6.0051116E-08,7
-1.4918997E-07,1
-3.6815394E-07,4
-8.9502818E-07,1
-2.1069398E-06,3
-4.6059955E-06,9
-8.2010619E-06,2
-3.9915035E-06,9 
7.2023760E-05,3. 
5.8623480E-04,1. 
3.4640868E-03,6. 
1.8201316E-02,3. 
8.4285526E-02, 1 . 
2.3636305E-01,2.
-3.4376222E-01,-
-4.6748595E-01, 1 
7.9740630E-02,-6 
3.8651958E-02,-3 
2. 125954 IE-02,-1 
1.2402225E-02,--! 
7.3506490E-03,-6 
4.3752213E-03,-3 
2.6071877E-03, -2 
1.5540998E-03,-! 
9.2644973E-04,-3 
5.5229955E-04,-4 
3.2925334E-04,-2 
1.9628455E-04,-! 
1.1701502E-04,-!

,Key<236) 
.129381 IE 
.3642393E 
.4580582E 
.4719870E 
.5667752E 
.3595230E 
.0571015E 
.2267639E 
.057S829E 
.6787475E 
.9392737E 
.9413800E 
.2794292E 
.4103188E 
.5561672E 
.8945217E 
.7273612E 
6620099E- 
5226779E-03 
7790882E- 
0S66143E- 
2773175E- 
489505 IE- 
2.9042175 
.5280945E 
.6934498E 
.2935334E 
.8526278E 
.0873526E 
.4551136E 
.8438703E 
.2908274E 
.3655666E 
.1406593E 
.8530352E 
.8931382E 
.7247455E 
.0282066E

,X0,
-09,
-09,
-09,
-09,
-09,
-09,
-09,
— ft C't.1'-•,
-03,
-08,
-07,
-07,
-06,
-06,
-06,

L ag
-1
-1
-1
-1
-1

-05,
-05, 
04,2 
03, 1 
03, 8 
02,4 
01,1
01,1
E-01
-01,
-02,
-02,
-02,
-02,
-03,
-03,
-03,
-03,
-04,
-04,
-04,
-04,
-04,

2050872E-09, 
3969439E-09, 
4682563E-09, 
472709 IE-09, 
6634522E-09,

-2. 7861077E-09,
-6.2604109E-09,
-1.5312389E-08,
-3.80t0204E-08,
-9. 4700993E-08,
-2.3464786E-07,
-5.7554168E-07,
-1.3811469E-06,
-3. 1584463E-06,
-6.4142855E-06,
-8. 6348466E-06, 
1.5220520E-05, 1 
.2062958E-04,7. 
.4538718E-03,3. 
0328420E-03, 1. 
.0106549E-02,6. 
,6020907E-01,2. 
.2586300E-01,-5 
, 1. 1564736E-01, 
3.3348541E-02,- 
5.5150465E-02,-

1.2696232E-09
1.422594 IE-09
1.4732179E-09
1.4828225E-09
1.8172900E-09
3.3592871E-09
7.826946 IE-09
1.9339924E-08
4.8423732E-08
1.2192844E-07
3.0911127E-07
7.9301529E-07
2.0789668E-06
5.6639045E-06
1.6440205E-05
5.2317393E-05
.8614373E-04
3874539E-04
1930365E-03
4484339E-62
4527872E-02
1948043E-01
. 1060445E-02
4.9253231E-01
8.2485252E-02
4.5868721E-02

1.6182037E 
9.5392016E 
5.6696335E 
3.3772023E 
2.0128794E 

1999089E 
1531559E 
2643446E 
5421910E 
5155278E

9. 0348135E-

02.
03. 
03, 
03, 
03,
03.
04. 
04, 
04,
04.
05.

- 1.4 15810 IE-02
-8. 3723743E--03
-4.9803353E-03
-2.9672872E-03
-1.7686706E-03
-1.0543497E-03
-6.2854459E-04
-3.7470650E-04
-2.2338147E-04
-1.3316889E-04
-7.9388568E-05
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480
490
500

510
520
530
540
550
560
570
580
590
600

610
620
630
640
650
660
670
680
690
760

710
720
730
740
750
760
770
780
790
800

810
820
830
840
850
866
870
880
890
900

910
920
930
940
950
960
970
980
990
1000

1010

1020

1030

1040

1650

I860
1070

DflTfl 6.9758436E-05,
DflTfl 4. 1586435E-05,
DflTfl 2.4791718E-05,
DflTfl 1.4779578E-05,
DflTfl 8.8108499E-06,
DflTfl 5. 2525892E-06,
DflTfl 3. 1313335E-06,
DflTfl 1.8667342E-06,
DflTfl 1. 1128220E-06,
DflTfl 6. 6335060E-07,
DflTfl 3. 9537334E-07,
DflTfl 2.3561831E-87,
DflTfl 1 .4038968E-07,
DflTfl 8.3613184E-08,
DflTfl 4. 9740423E-08,
DflTfl 2. 9472336E-08,
DflTfl 1. 7223359E-08,
DflTfl 9. 6723739E-09,
DflTfl 4.9832405E-09,
DflTfl 2. 22 173 HE-09,
DflTfl 7.2300885E-10,
IF New=l THEN L30
MflT REflD Wt
Lag=-l
X0=-X-17

MflT Key=<0>
L30: Lag=Lag+l

Rl=0
Cmax=0
L = 0
M=l
1=86
GOTO L200

LI 10: Cmax=MflX<flBS<C
1 = 1 + 1
IF K99 THEN GOTO L
IF Cmax = 0 THEN LI 50
Cmax :s: Cmax*Tol
M=2
1=85
GOTO L200

-6. 1296474E-0 ci,
-3.6541840E-05,
-2. 1784390E-05,
-1.2986765E-05,
-7. 7420630E-06,
-4.6154325E-06,
-2.751491 IE-06,
-1 . 6402859E-06,
-9. 7781908E-07,
-5.8286113E-07,
-3. 4738689E-07,
-2.0701397E-07,
-1.2333746E-07,
-7. 34434 HE-08,
-4.3665572E-08,
-2.5819439E-03,
-1.4987869E-08,
-3. 2794392E-09,
-4. 1443813E-09,
-1. 7504755E-09,
-4. 8360666E-10,

> , C m ax >

200

5.3860978E-05,
3.2109174E-05,
1.9141864E-05,
1.141 1426E-05,
6. 3829235E-06,
4.0555653E-06,
2.4177236E-06,
1.44 1305 IE-06,
8.5919028E-07,
5. 1213358E-07,
3.0522189E-07,
1.8138012E-07,
1.0835294E-07,
6.4505113E-08,
3.8321109E-08,
2.2594957E-08,
1. 3003472E-08,
7.0438407E-09,
3.4088114E-09,
1.3485207E-09,
3.0121413E-10,

-4.7327436E-05
-2.8214208E-05
-1.6819888E-05
-1.0027182E-05
-5.9777053E-06
-3. 5636 llSE-06
-2. 1244417E-06
-1.2664597E-06
-7.5494920E-07
-4. 499843 IE-07
-2.6817250E-07
-1.5979545E-07
-9.5185048E-08
-5.6643167E-08
-3.3616717E-08
-1.9745353E-08
-1 . 1240058E-08
-5. 9509676E-09
-2.7712762E-09
-1 . 0080937E-09
-9. 1649798E-11

LI 20: IF flBS<CX=Cmax THEN LI 30
1 = 1-1
IF I>0 THEN L200

LI 30: M = 3
1=99
GOTO L200

LI 40: IF flBSCCX=Cma
1 = 1 + 1
IF K237 THEN L200
GOTO LI 90

LI 50: M = 4
1 = 1
GOTO L200

L160: IF C=0 THEN LI
1 = 1 + 1
IF L<86 THEN L200

LI 70: M = 5
1=236
GOTO L200

x THEN LI 90

70

19



1080 LI80: IF C = 0 THEN Li90
1096 1=1-1
1100 IF I>98 THEN L200
1110 LI 90: RETURN Rl/EXPOO
1120 L206: Look=I+Lag
1130 I q =I NT ( Look/237)
1140 Ir=Look MOD 237
1150 IF Ir=0 THEN Ir=l
1160 Irol1=Iq*236
1170 IF Key < I r > < = I ro 1 1 THEN L220
1180 L 210: C = S ay e(Ir> *Mt<I>
1190 R1=R1+C
1260 L=L+1
1210 ON M GOTO L110,L120,L140,L160,L180
1220 L220: KeyCIr>=Irol1+Ir
1230 Z=EXP<XO+Look*.2)
1240 S a v e <. I r > ~ F N K e r n 11 < Z)
1250 GOTO L210
1269 FNEND
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9042608E+06 
1052809E+01 
1286327E+01 
1357000E+01 
1496648E+01 
2425356E+00 
2920393E+00 
3494440E+00 
4145451E+00 
4861969E+00 
5620671E+00 
6386827E+00 
7119357E+00 
7779816E+00

RHRHK0

2499219E+00 
3052084E+00 
3726970E+00 
4550578E+00 
5555260E+00 
6780067E+00 
8271848E+00 
1008630E+01 
1'228373E + 01 
1495406E+01 
1S16532E+01 
2200929E+01 
2480696E+00 
3018530E+00 
3666362E+00 
4441551E+00 
5360302E+00 
6434413E+00 
7666295E+00 
9042589E+00 
1052805E+01 
1206319E+01 
1356992E+01 
1496644E+01 
2425358E+00 
2920396E+00 
3494441E+00 
4145447E+00 
4861953E+00 
5620640E+00 
6386785E+00 
7119322E+00 
7779811E+00

RLRGH0

2499219E+00 
3052084E+00 
3726970E+00 
4550573E+00 
5555260E+00 
6780067E+00 
8271848E+00 
1008630E+01 
1228373E+01 
1495406E+01 
1816532E+01 
2200929E+01 
2480696E+00 
3018530E+00 
3666362E+00 
4441551E+00 
5360302E+00 
6434413E+80 
7666295E+00 
9042539E+00 
1052805E+01 
1206319E+01 
1356992E+01 
1496644E+01 
2425358E+00 
2920396E+00 
3494441E+00 
4145447E+00 
4861953E+00 
5620640E+00 
6386786E+00 
7119322E+00 
7779812E+00

LI L2

109
108
107
107
107
107
106
105
106
106
105
104
106
106
105
104
105
105
104
1 0 3
102
103
103
103
106
105
104
103
103
104
103
103
105

109
108
107
107
107
107
106
105
106
106
105
104
106
106
105
104
105
105
104
103
102
103
103
103
106
105
104
103
103
104
103
103
105
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1.0 

1.0 

1.0 

5.0

5.0
0

0

0

0

0

0

5.0

5.6 
5.0 
5.0
10.0 

10.0 

10.0 

10.0 

10.0 

10.0 

10.6 

10. 0 

10.Q 

10.0 

10.0 

10.0 

50.0 

50. 6 

50.0 

50. 0 

50.0 

50.6 

56. 0 

50.0 

50.0 

50.0

50.0
50.8

,6611956E+00 
, 5413411E + 00 
,4432126E+00
, 4000000E + 01

,3274923E+01
, 2681238E + 01
.2195247E+01
, 1797316E + 01
1471518E+01
1204777E+01

, 9863379E + 0U
8675861E+00
6611956E+00
5413411E+00
4432126E+00
4000000E+01

3274923E+01 
2681280E+01 
2195247E+01 
1797316E+01 
1471518E+01 
1204777E+tU 
9863879E+00 
8075861E+00 
6611956E+00 
5413411E+00 
4432126E+00
4000000E+01

3274923E+01 
2681280E+01 
2195247E+01 
1797316E+01 
1471518E+01 
1204777E+01 
9863879E+00 
8075861E+00 
6611956E+U0 
5413411E+00 
4432126E+00

8341506E+00 
8794118E+00 
9142290E+00 
1561738E+00 
1673066E+00 
1762562E+UU 
1831271E+00 
1882097E+00 
1918634E+00 
1944352E+00 
1962182E+00 
1974412E+0U 
1982739E+00 
1988380E+00 
1992189E+00 
9284767E-01 
9503354E-01 
9658826E-01 
9767418E-01 
9842294E-01 
9893459E-01 
9928206E-01 
9951704E-01 
9967549E-61 
9978212E-01 
9985380E-01 
9990193E-01 
1993631E-01 
1995724E-01 
1997130E-01 
1998075E-01 
1998709E-01 
1999134E-01 
1999420E-01 
19996 HE-01 
1999739E-01 
1999825E-01 
1999883E-01 
199992 IE-01

.8341542E+00 

.8794184E+08 

.9142365E+00 

.1561737E+00 

.1673074E+00 

.1762576E+00 

.1831286E+00 

.1882110E+00 

.1918644E+00 

. 1944358E + 00 

.1962184E+00 

. 197441 1E + 00 

.1982736E+00 

.1988375E+00 

.1992182E+00 

.9284838E-01 

.9503411E-01 

.9658863E-01 

.9767436E-01 

.9842295E-01 

.9893448E-01 

.9928186E-01 

.9951677E-01 

.9967524E-01 

.9978186E-01 

.9985353E-01 

.9990167E-01 

.1993626E-01 

.1995718E-01 

.1997125E 

.1998070E-01 

. 1998784E-01 

. 1999130E-01 

.1999416E-01 

.1999609E-01 

.1999738E-01 

.1999826E-01 

.1999885E-61 

. 1999926E-01

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

i
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

.8341542E+00

.8794184E+00

.9142365E+00

. 1561737E+00

. 1673074E+00

. 1762576E+00

.•1831286E + 00

. 18821 10E + 00

. 1918644E+00

. 1944353E + 00

. 1962184E+00

. 1974411E+00

. 1982736E+06

. 1988375E + 60

. 1992183E+00

.9284839E-01

. 95034 12E-U1

.9658864E-01

. 9767436E-01

.9842295E-01

.9893448E-01

.9928136E-01

.9951677E-81

.9967525E-01

.9978187E-01

.9985354E-01

.9990167E-01

. 1993626E-01

. 1995719E-01

. 1997125E-01

. 1998070E-01

. 1998704E-01

. 1999130E-01

. 1999416E-01

. 1999609E-01

. 1999738E-01

. 199982bE-01

. 1999885E-01

. 1999926E-01

105
105
107
105
105
105
187
109
109
111
113
115
117
117
117
107
109
111
113
113
115
117
117
147
147
147
147
147
147
147
147
147
147
147
147
147
147
147
147

185
105
107
105
105
185
107
109
109
111
113
115
117
117
117
107
109
111
113
113
115
117
117
147
147
147
147
147
147
147
147
147
147
147
147
147
147
147
147
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flPPENDIX C

* . 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 5 
.5 
.5 
.5 
.5

5.0 
5.0 
5.0 
5.0
5.0 
5.0

0

6

0

0

0

0

16. 0

10.0

10.0

B

.4000000E+01

.3274923E+01 

.2681280E+01 

.2195247E+01 

.1797316E+01 

. 1471518E + 01 
,1204777E+01 
,9863879E+00 
,8075861E+00
• 66H956E + 00 
.5413411E+00 
,4432126E+00
.4000000E+01

•3274923E+01
•2681280E+01 
.2195247E+01 
.1797316E+01 
,1471518E+01 
,1204777E+01 
,9863879E+00 
,8075861E+U0 
,6611956E+00 
.5413411E+00 
.4432126E+00
,4000000E+01

.3274923E+01 
,2681280E+01 
,2195247E+01
•1797316E+01
,1471518E+01
1204777E+01
•9863879E+00 
8675861E+00
,6611956E+00 
5413411E+00 
4432126E+00
4000000E+01

3274923E+01 
2681280E+01 
2195247E+01 
1797316E+01 
1471518E+01 
1204777E+01 
9863879E+00 
8075S61E+00 
6611956E+00 
5413411E+00 
4432126E+00
4000000E+01

3274923E + 01 ' 
2681280E+01

EQURTIOH 4 

EXRCT

.6244145E-01 

.9310379E-01 

.1388066E+00 

.2068631E+00 

.3081326E+00 

.4586353E+00 

.6818896Ef00 

.1012146E+01 

. 149868*3E + 01 

.2211093E+01 

.3244884E+01 

.4725301E+01 

.6106325E-01 

.9007145E-01 

.1321440E+00 

.1923473E+00 

.2768159E+00 

.3920049E+00 

.5428297E+00 

.7293379E+00 

.9424059E+00 

.1160712E+01 

.1352730E+01 

.1435837E+01 

.570672 IE-01 

.8156899E-01 

.1144129E+00 

.1563863E+00 

.2065669E+00 

.2612943E+00 

.3138789E+00 

.3559344E+00 

.3802741E+00 

.3837632E+00 

.3681696E+00 

.3386703E+00 

.1523646E-01 

.1533700E-01 

. 1463168E-01 

.1348160E-01 

.1198257E-01 

.1039303E-01 

.8355875E-02 

.7451374E-02 

.6215871E-02 

.5153787E-02 

.4255682E-02 

.3504317E-02 

.3201644E-02 

.2810812E-02 

.2416182E-02

RHflNKl

.6244139E-01 

.9310870E-01 

.1388065E+00 

.2068629E+00 

.3081323E+00 
,4586348E+00 
,6818889E+00 
,1012145E+01 
,1498681E+01 
.2211091E+01
•3244880E+01
•4725300E+01 
.6106319E-01 
.9007135E-01 
,1321438E+00 
,1923473E+00 
,2768159E+00 
, 3920049E + 00 
.5428296E+00 
,7293379E+00 
.9424059E+00 
,1160712E+01 
,1352730E+01 
,1485837E+01
•5706720E-01
.8156899E-01
, 1144129E + 80
, 1563863E + 00
2065669E+00
.2612943E+00
,3138789E+00
, 3559344E + 00
3802741E+00

, 3837632E + 00
3681696E+00
3386703E+00
1523646E-01
1533700E-01
1468168E-01
1348160E-01
1198257E-01
1039303E-61
8855875E-02
7451874E-02
6215871E-02
5153787E-02
4255682E-02
3504317E-02
3201644E-02
2810812E-02
2416102E-02

RLfiGHl

.6244139E-01 
,9310870E-01 
,1388065E+00 
,2068629E+00 
,3081323E+00 
,4586348E+00 
.6818889E+00 
.1012145E+01 
,1498681E+01
•2211091E+01 
.3244880E+01
•4725300E+01 
. 6106319E-01 
.9007135E-01 
,1321438E+00 
,1923473E+00 
.2768159E+00 
, 3920049E + 00 
.5428296E+00 
,7293379E+00 
.9424059E+00 
,1160712E+01 
, 1352730E + 01 
, 1485837E + 01
-5706720E-01 
.8156899E-01 
, 1144129E + 00 
, 1563863E + 00 
2065669E+00
-2612943E+00 
3138789E+00

, 3559344E + 00 
3802741E+00 
3837632E+00 
3681696E+00 
3386703E+00 
1523646E-01 
1533700E-01 
1468168E-01 
1348160E-01 
1198257E-01 
1039303E-01 
8855875E-02 
7451874E-02 
621587 IE-02 
5153787E-02 
4255682E-02 
3584317E-02 
3201644E-02 
2810812E-02 
2416102E-02

LI

54
53
52
51
50
49
48
47
46
45
44
49
46
45
44
49
48
49
48
48
49
48
48
47
49
48
49
48
49
48
47
48
47
49
49
51
47
49
49
51
52
54
56
59
62
66
71
77
51
53
55

54
53
52
51
50
49
48
47
46
45
44
49
46
45
44
49
48
49
48
48
49
48
48
47
49
48
49
48
49
48
47
48
47
49
49
51
47
49
49
51
52
54
56
59
62
66
71
77
51
53
55
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10.0

10.0

1 0 . 0

10.0

10.0

10.0

10.0

10.0

10.0

50.0

50.0

50.0

50.0

50.0

50. 0

50. 0

50.0

50. 0

50.0

50.0

50.0

2195247E+81 
1797316E+81 
1471518E+81 
1284777E+81 
9863879E+88 
8075861E+S0 
6611956E+88 
5413411E+00 
4432126E+86
4880880E+01

3274923E+81 
2681286E+81 
2195247E+81 
1797316E+81 
1471518E+81 
1204777E+01 
9863879E+88 
8075861E+00 
6611956E+08 
5413411E+80 
4432126E+88

2045609E-02 
1713615E-02 
1424984E-02 
1179814E-02 
9721652E-03 
7997494E-03 
6568832E-03 
5389702E-03 
4419099E-03 
3169524E-04 
2603169E-04 
2135805E-04 
1751131E-04 
1435078E-84 
1175686E-04 
9629827E-05 
7886498E-05 
645816 IE-05 
5288177E-05 
4329968E-85 
3545283E-83

2045699E-02 
1713615E-62 
1424984E-02 
1179014E-02 
9721652E-03 
7997494E-03 
6568832E-03 
5389702E-03 
4419099E-03 
3169524E-04 
2603169E-04 
2135805E-04 
1751131E-04 
1435070E-04 
1175686E-04 
9629827E-05 
7886498E-05 
645816 IE-05 
5288177E-05 
4329968E-05 
3545283E-65

2845689E-82 
1713615E-82 
1424984E-02 

, 1179014E-02 
9721652E-03 
7997494E-83 
6568832E-83 
5389702E-03 
'4419099E-03 
3169524E-84 
2603169E-04 
2135805E-04 
1751131E-04 
1435070E-04 
1175686E-04 
9629827E-05 
7886498E-05 
645816 IE-05 
5288177E-05 
4329968E-05 
3545283E-05

57
68
64
68
70i •_*
80
96
99
99
81
96
99
99
99
99
99
99
99
99
99
99-

57
60
64
68
f' -J
88
96
99
99
81
96
99
99
99
99
99
99
99
99
99
99

ft

* . 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
. 1 
.5 
. 5 
.5 
.5

. 

.5

.5

. 5

.5
1.0
1.0

1.0 
1.0
1.0 

1.0 

1.0 

1.0 

1.0

4880888E+01 
, 3274923E+81 
2681280E+01 
2195247E+81 
1797316E+81 
1471518E+81 
1284777E+01 
9863879E+88 
8875861E+88 
6611956E+88 
5413411E+88 
4432126E+88
4008808E+81

3274923E+81 
2681280E+01 
2195247E+01 
1797316E+01 
1471518E+61 
1204777E+01 
9863879E+00 
8075861E+00 
6611956E+00 
5413411E-K10 
4432126E+00
4000U00E+01

3274923E+01 
2681280E+01 
2195247E+01 
1797316E+01 
1471518E+01 
1204777E+01 
9863879E+00 
807586 lE-f-00

EQUflTIOH 5 

EXflCT

.4248354E-15 

.185562 IE-09 

.1048669E-05 

.3214726E-03 

. 1397213E-01 

.1639422E+00 

.7996765E+00 

.2165752E+01 

.3953819E+01 

.5541257E+01 

.6504828E+01 

.6780675E+01 

.1341851E-02 

.1535574E-01 

.736569 IE-01 

.1972547E+00 

.3574078E+00 

.4983823E+00 

.5830693E+00 

.6064178E+00 

.5828629E+00 

.5313707E+00 

.4675585E+00 

.4017504E+00 

.1831564E-01 

.5606295E-01 

.1111010E+00 

.1645112E+00 

.2003707E+00 

.2140938E+00 

.2095335E+OQ 

.1933525E+00 

.1715211E+00

RHflNKl

7944747E-05 
1325152E-04 
2151398E-04 
3580420E-03 
139183 IE-01 
1640110E+00 
7995999E+00 
2165827E+01 
3953756E+01 
5541319E+01 
6504767E+01 
6780731E+01 
1336826E-02 
153620 IE-01 
7365005E-01 
1972613E+00 
3574018E+00 
4983877E+00 
5830641E+00 
6064227E+00 
5823581E+00 
5313752E+08 
4675540E+00 
4017547E+88 
1331404E-01 
560649 IE-01 
1110989E+00 
1645131E+00 
2003688E+00 
2140956E+00 
2095316E+00 
1933543E4-08 
1715194E+00

RLRGH1

7944742E-05 
1325153E-04 
2151399E-04 
3580420E-03 
139183 IE-01 
1648110E+80 
7995999E+80 
2165827E-KU 
3953750E+81 
5541319E+01 
6584767E+01 
6788731E+01 
1336826E-82 
1536201E-81 
7365885E-01 
1972613E+QQ 
3574818E+80 
4983877E+88 
5838641E+80 
6064227E+88 
5828581E+00 
5313752E+88 
4675548E+00 
4817547E+08 
1831404E-81 
568649 IE-81 
1 118989E + 88 
1645131E+88 
2083688E+88 
2148956E+88 
2095316E+08 
1933543E+80 
1715194E+80

LI L2

35
34
33
34
33
32
31
33
33
33
33
•~, •-! 
•-' •_'

33
32
31
33
3y.-, .-,
o o
33
33
35
35
35
41
32
33
33
33
33
33
35
35
35

35
34
33
34
33
•Jk!
31
3 3
33
33
33
33
33
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31
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33
33
33
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35
35
35
41
32
33
33
33
33
3 3
35
35
35
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0

0

0

0

0

0

5.0 
5.0 
5.0 
5.0 
5. 0 
5.0 
5.0 
5.0 
5.6
10.0

10.0

10.0

10.0

10.0

10.0

10.0

10.0

10.0

10.0

10.0

10.0

50.0

50.0

50.0

50.0

50.0

50.0

50.0

50. 0

50.0

50.0

50.0

50.0

.6611956E+00 

.5413411E+00 

.4432126E-HJ0

.4000000E+01

.3274923E+01 

.2681230E+01 

.2195247E+01 

. 1797316E+01 

. 1471518E + 01 

.1204777E+01 

.9863879E+00 

.8075861E+00 

.6611956E+00 

.5413411E+00 

.4432126E+06 

.4000000E+81 

.3274923E+01 

.2681280E+01 

.2195247E+01 

.1797316E+81 

.1471518E+01 

.1204777E+01 

.9S63879E+00 

.8075861E + 00 

.6611956E4-00 

.54134HE + 00 

.4432126E+00

.4000000E+01

.3274923E+01 

.2681280E+01 

.2195247E+81 

. 1797316E + 01 

.1471518E+01 

.1204777E+91 

.9863879E+00 

.8075861E+Q0 

.66H956E + 00 

.5413411E+00 

.4432126E+00

1481848E4-00 
1257748E+90 
1054931E + Q8 
1797316E-01 
1915614E-01 
1871670E-01 
1725193E-S1 
1529250E-01 
132052 IE-01 
1120438E-01 
9395505E-62 
7816756E-02 
6468993E-02 
5334670E-02 
4388808E-02 
6703200E-02 
6261734E-02 
5600487E-02 
4865198E-02 
4144684E-02 
3484941E-02 
2904606E-02 
2406711E-02 
1986313E-02 
1635021E-02 
1343474E-02 
1102603E-02 
3692465E-03 
3103929E-03 
2586610E-03 
2 1 42983E-03 
1768519E-03 
1455672E-03 
1196065E-03 
9816009E-04 
8049568E-04 
6597518E-04 
5405485E-04 
4427775E-04

1481865E+00 
1257731E+00 
1054947E+00 
1797298E-01 
1915631E-01 
1871653E-01 
1725209E-01 
1529234E-01 
1320536E-01 
112S423E-01 
9395649E-02 
7816616E-02 
6469129E-02 
5334538E-02 
4388936E-02 
6783173E-02 
6261760E-02 
5600459E-02
486! J4E-0:
4144658E-02 
3484965E-02 
2904582E-02 
2406734E-02 
1986290E-02 
1635043E-02 
1343452E-02 
1182624E-02 
3692439E-03 
3103954E-03 
2586585E-03 
2143007E-03 
1768496E-03 
1455694E-03 
1196043E-03 
9816222E-04 
8049362E-04 
6597718E-04 
540529 IE-04 
4427964E-04

1481865E+00 
1257731E+00 
1054947E+00 
1797298E-01 

, 191563 IE-01 
1871653E-81 
1725209E-81 
1529234E-01 
1320536E-81 
1120423E-01 
9395649E-02 
7816616E-02 
6469129E-02 
5334538E-02 
4388936E-Q2 
6703173E-02 
6261760E-02 
5600459E-Q2 
4865224E-02 
4144658E-02 
34S4965E-02 
2904582E-02 
2406734E-02 
1986290E-02 
1635043E-02 
1343452E-02 
1102624E-02 
3692439E-03 
3103954E-03 
2586585E-03 
2143007E-03 
1768496E-03 
1455694E-03 
1196043E-Q3 
9816222E-04 
8049362E-04 
6597718E-04 
5405291E-04 
4427964E-04

39
43
47
33
33
35
35
35
39
43
47
53
62
75
99
35
35
35
39
43
45
51
59
71
94
99
99
43
46
51
59
72
95
99
99
99
99
99
99

39
43
47
33
33
35
35
35
39
43
47
53
62
75
99
35
35
35
39
43
45
51
59
71
94
99
99
43
46
51
59
72
95
99
99
99
99
99
99

26


